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1 BRIDGE & HIGH-SPEED TRAIN INTERACTION: STATE-OF-THE-ART 

REVIEW 

1.1 State of the art 

The investment planning and decision-making for an upgrade and expansion of existing 
roadway and railway networks are based on detailed technical studies accounting for various 
social and economic parameters. The decision-making procedure includes assessment of 
critical infrastructure (e.g., bridges) and evaluation of development potentials. In this context, 
a robust and reliable analysis of the coupled train-railway-bridge system can provide a 
valuable tool for assessment of the existing network considering the effects of high-speed 
train and bridge interaction during dynamic (i.e., seismic) loading. 

The dynamic behavior of the coupled system vehicle (train) – track - bridge system is strongly 
coupled and complex. In general, the vehicle subsystem can be described as a multibody 
assembly, and the track - bridge subsystem can be modeled using classical structural finite 
element formulations. The subsystems interact through contact/impact forces, i.e., forces 
between the vehicle wheels and the rail on the bridge deck. With the rapid development of 
high-speed railways, the vehicle(train)–track–bridge (VTBI) interaction draws growing 
attention of scholars worldwide in recent decades [1]. Numerous VTBI models were proposed 
to investigate the dynamic performance of the coupled system, which can be organized into 
the following categories according to the adopted simplifications. 

The moving force model (MFM) is the simplest and earliest model, where train subsystem 
was modeled as constant forces. Utilizing this model, Kolousek [2] simulated the unbalanced 
forces of steam locomotives as single moving forces to consider the vertical vibration of 
continuous girder bridges. The moving force model assumes that the inertia of the moving 
train is small compared to the inertia of the bridge. However, the overall accuracy is poor due 
to the oversimplification of the vehicle subsystem. 

Subsequently, the moving harmonic force model (MHFM) was proposed in the early 
twentieth century, where the eccentric forces of locomotives were considered as moving 
harmonic forces, e.g. Krylov[3] and Timoshenko [4] investigated the resonance of bridge 
structures. However, the dynamic interaction between vehicle and bridge was also not 
considered in this model. This formulation yields acceptable results if the dynamic behavior 
of the train is not of interest. 

Moreover, if the dynamic effect of the vehicle cannot be ignored, the moving mass model 
(MMM) should be utilized, which considers the mass and inertia of the running vehicle. This 
model was first proposed and solved by Willis [5] and Stokes [6]. Important improvements 
were proposed by Jeffcott [7], Inglis [8]. Since the suspension systems of the vehicle are not 
included, the moving mass model cannot accurately simulate the dynamic effects of moving 
trains on bridges. 

Furthermore,  the moving sprung-mass model (MSMM) was developed by considering the 
effect of the suspension system of the train, leading to a model of a moving mass supported 
by a spring-damping element (Biggs and Testa [9]). 

After that, the description of the vehicle as 4 degrees of freedom rigid-body (two-axle vehicle 
model (TAVM)) was introduced, which is more like the modern vehicle-bridge interaction 
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model. In this case, also the vertical and pitch motions of the sprung part were considered 
[10,11]. 

Later, the theory of multi-body dynamics (MBD) is adopted to simulate vehicle (train) 
subsystem, while the bridge subsystem is described via FEM or continuous beam theories. 
Relevant work conducted by Chu et al. [12], Bhatti [13], Olsson [14], Diana and Cheli [15], 
Green and Cebon [16], Yang and Lin [17], Xia et al. [18]. Moving vehicle system models 
have been used for different purposes [9–18, 19, 20, 21, 22, 23]. 

In general, the vehicle is represented as MBD system (rigid or flexible). A comprehensive 
literature review of railway vehicle MBD modeling is provided in [24–26]. In general, the 
DOFs of the vehicle model range according to the main issue of interest [11, 21, 27-29]]. The 
vertical VTBI usually include DOFs that are related to the vertical and pitch motions of the 
vehicle [19, 30]. In the model proposed by Vu-Quoc and Olsson [31], the longitudinal DOFs 
of the vehicle components were also included to simulate the speed variation of the vehicle. 
Also, full 3D MBD model are widely applied [19, 21, 27-29]. These models fully consider the 
3D coupling behavior between vehicle components through bogie suspensions. This model can 
handle nonlinear stiffness and damping properties of the primary and the secondary 
suspensions in three directions, e.g. nonlinear yaw dampers and secondary lateral bump-stop 
clearances, etc. [32]. 

In general, five DOFs are taken into consideration for each rigid body, describing vertical, 
lateral, roll, yaw and pitch motions. These models can simulate the 3D dynamic response of 
railway vehicles moving on bridges, as well as evaluating the ride comfort and running safety 
of the train. This model can, of course, be further extended to the 3D TTBDIM by considering 
the longitudinal DOFs of the vehicle components. A vehicle modeled as a rigid body with six 
DOFs presented by Ling et al. in paper [33]. As noted, there are some essential nonlinearities 
in the railway vehicle dynamics system such as wheel-rail contact and suspension components. 
The accuracy of multi-body models is mainly affected by the representation of wheel-rail 
contact and by the modeling of suspension components [34,35]. These modeling assumptions 
are more important in case of high-speed trains equipped with hydraulic dampers, friction 
elements, nonlinear lateral bump-stop, Coulomb friction and clearances between the axle box 
and the side frame, etc. [28, 29, 36, 37]. Another issue is the possible significant effects of 
structural flexibility. In general, the flexibility of car body affects the dynamic response and 
ride comfort of railway vehicles. These effects investigated in [38–41] utilizing a simplified 
model based on Euler beams supported by bogie suspensions. The main conclusion is that 
flexibility affects mainly vehicle response and the ride comfort, while they're no practical 
influence on the bridge response. 

The basic limitation of the traditional VTBI model was gradually realized by engineers, that 
is the influence of track vibrations were not considered. The vehicle, the track and the bridge 
necessarily form an integrated dynamic system, in which the vehicle and the track are coupled 
by the wheel-rail interactive relationship, and the track and the bridge are connected through 
the track–bridge interaction. Different track structures lead to modification of the wheel-rail 
forces, that finally influence the vibration of bridges through the track–bridge interaction and 
vice versa. Therefore, including a detailed track model into the VTBI is critical, Zhai [19-21, 
29]. Also, Cheng et al. proposed a type of vehicle–track–bridge element where the vehicle is 
modeled as a sprung-mass system, while the rail and the bridge deck are all modeled as beam 
elements [43]. Furthermore, Wu and Yang proposed a vehicle–rail–bridge interaction model 
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and some types of vehicle–rail interaction elements based on dynamic condensation method 
[44], whereas Biondi et al. [45] applied a substructure approach which was used to investigate 
the dynamic responses of multi-span simply supported bridges. Moreover, Lou [46] proposed 
a model, where the vehicle was modeled as a sprung mass system while the rail and the bridge 
were simulated as Bernoulli beam elements To control the vibrations in the train–track–bridge 
system. Also, Martínez-Rodrigo et all. [47] studied the transverse vibrations of railway 
bridges under resonant conditions. The influence of ballasted track structure investigated by 
Rigueiro et al. [48]. Also, a 3D rail–ballast–beam finite element model was proposed by Guo 
et al. [49]. In a work of Yang and Hwang [50], a methodology for train-track-bridge 
interaction was proposed based on the direct stiffness method and the mode superposition 
method. Zhu et al. [51] proposed a hybrid solution to solve vehicle-track-bridge interaction. 
To consider the vibrations of track structures, the traditional train–bridge interaction model 
has been extended to the VTBI interaction model.  

Although the ballasted track is widely used, rail bridges can also contain non-ballasted tracks. 
The railway track is a key structure that distributes the load on bridge structure. Therefore, 
rail bridges can contain either the ballasted track or the non-ballasted tracks. The ballasted 
track system consists of rail, railpad, fastening, sleeper, and ballast. The type ‘Double-block’ 
track consists of rail, railpad, fastening, concrete sleeper, concrete slab, and concrete base. 
The rails are fastened onto sleepers in two blocks, which are directly concreted into a cast-in-
place slab. In this case only the vibration of rails is important for vehicle–track interaction. 
The type ‘Elastic-supporting-block’ track consists of rail, railpad, fastening, concrete block, 
block pad, rubber boot, and concrete base. The flexibility induced by the rubber boot render 
vibrations of rails and concrete blocks important for the vehicle–track. Slab tracks are widely 
used in high-speed railways, which consists of rail, railpad, fastening, concrete slab, CAM 
layer, and concrete base. The elastic bearings separate the track from the bridge deck, yielding 
a floating slab track. Both the vibrations of the rails and slabs significantly affect the vehicle–
track interaction. It is well known that track dynamic behavior affects train running safety and 
ride comfort [24-26, 52]. Therefore, a detailed track model is necessary for the accurate 
analysis of the VTBI systems. A survey of track modeling methods for vehicle–track 
interaction can be found in [24-26]. There are three basic categories of track simulation : (a) 
lumped parameter models, which includes rigid mass or massless elements for rails supported 
on sleepers or on sleepers and ballasts connected by spring and damping elements [24-26]. 
(b) Continuous beam models, where the rails are usually represented by infinite Euler or 
Timoshenko beams resting on Winkler elastic foundations [24-26] or discrete sleepers along 
the track [20, 21, 24-26] and (iii) discrete beam models, where finite element (FE) method is 
applied [24-26, 45,52-55]. In FE modelling, tracks are modeled as mass-spring–dashpot 
models [48, 49, 52, 56] or solid models [52, 57]. In continuous models, the rails are usually 
represented by infinite Euler, or Timoshenko beams resting on Winkler elastic foundations 
[24–26] or discrete sleepers along the track [21, 24-26, 29]. Discrete models usually include 
finite rails modeled using the finite element (FE) method [24-26, 45, 52, 53-55]. In FE 
modelling, two classes of track models can be distinguished: mass-spring–dashpot models 
[48, 49, 52, 56] and solid models [52]. The continuous and discrete beam models are more 
accurate and take into account the rails, the fastenings, the sleepers, the slabs, and even the 
ballast [52, 58]. 

The number of layers of the track models in VTBI can vary from one up to four. A single 
layer model for the case of a double-block non-ballasted track shown to be adequate. In case 
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of the two-layer track models [48, 56], the concrete sleepers or blocks are usually represented 
by rigid bodies, while the elastic bearing layers are modelled as linear or nonlinear viscoelastic 
elements. The track slabs can be modeled as beams in 2D models, whereas in 3D models they 
are simulated as elastic plates supported on the viscoelastic foundation [29, 32]. Usually, the 
three-layer and four-layer track models are developed for the ballasted track system, which 
contains rails, sleepers, ballast, or subgrade [29, 52].  

Comparison on the ballasted track models with different layers presented [43, ,45, 48]. In 
general, the track model influences the vehicle response and the wheel-rail contact 
forces.Bridge structure is mainly simulated either by analytical methods either by the finite 
element method (FEM). Research on the vibration of bridges by using analytical or semi-
analytical approaches is abundant. In case of analytical or semi-analytical methods bridges 
are modeled base on beam theories, [2, 3, 4, 21], where Timoshenko [4] obtained approximate 
solutions to the problem of simple beams under moving loads. Also, Vellozzi [59] and Zha et 
al. [19]  developed some semi-analytical bridge model for the case of vertical vehicle–track–
bridge interaction. Simulation-based on FEM, BEM (boundary element method) and the F–B 
hybrid method has been developed [21, 28, 52]. Nowadays, FEM is extensively used to 
formulate the bridge models in VTBI. According to the type of bridge structures, beam 
element, plate/shell element, and 3D solid elements can be used for modeling of the various 
components. Simply supported bridges can be easily modeled by 3D beam elements [19, 28, 
29], while the FE models for the more complicated bridges usually consist of a combination 
of beam elements, shell and solid elements [19, 21, 52, 60]. Direct integration methodologies 
are adopted to solve the spatially discretized equations of the bridge FE models for the case 
of a general bridge [52]. Some approximation assumptions such as the modal superposition 
method, or component mode synthesis techniques have been adopted in the FE [28], retaining 
a preselected range of frequencies, that lead to a significant reduction of computational cost. 
But it should be mentioned that the selection of the cut-off frequency depends on the main 
scope of the analysis, it is different in the main interest is ride comfort or the internal forces 
on the beam structure [52]. 

The contact forces between the wheels and the rails realize the coupling of the vehicle 
subsystem with the track subsystem at the wheel-rail interfaces [61]. The two most common 
methods to compute the contact forces are the kinematic constraint and the compliance 
method [62]. The kinematic constraint method assumes no penetration occurs between the 
wheels and the rails [21, 62-65]. Thus, the normal contact force is derived from the imposition 
of an impenetrability constraint. In the compliance method, the normal contact force is a 
function of the stiffness (and damping) and the penetration between contacting bodies. This 
function can be either linear or nonlinear (e.g., the Hertz’s contact theory) [62]. Also, the 
assumption that the displacement of a wheel is always equal to that of the bridge/rail has been 
often adopted in the conventional train–bridge dynamic interaction analyses [29, 44, 66]. In 
order to take into account wheel/rail geometric contact some approaches were presented in 
[29, 57, 67, 68]. These models deal with the loss of contact between the wheel and the rail, 
whereas curved and worn wheel/rail profiles are included as well. 

The wheel-rail contact forces include the normal contact force and the tangent creep forces. 
The nonlinear Hertzian elastic contact theory is usually used to calculate the wheel-rail normal 
contact forces [29, 62]. The normal forces could also be obtained by solving a linear 
complementary problem (LCP) [69, 70], utilizing, for example, Lemke complementary pivot 
algorithm [70]. During rolling contact, the leading contact area is in sticking, while the 
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remaining area might slip. This small apparent slip is called creep [71]. Creep depends on the 
relative velocities of at the contact point and is crucial for the determination of the tangential 
forces, as well as, for the steering and the stability during earthquakes [62]. 

For the study of train running stability and safety under crosswinds or earthquakes, advanced 
contact theories like the Kalker linear or nonlinear creep theories should be applied. For the 
calculation of wheel-rail nonlinear creep forces, the Kalker’s 3D exact theory (CONTACT) 
is used, whereas some recent works show that the 3D finite element method (FEM) could also 
solve the 3D wheel/rail contact problem with acceptable accuracy in comparison to the 
CONTACT [72–74]. To reduce the computational cost some approximate models, such as the 
FASTSIM, USETAB, Vermeulen–Johnson, Shen–Hedrick–Elkins, Polach methods, are 
commonly used for vehicle–track–bridge dynamic simulations [29, 57, 67-68, 75]. 

It is noted that the linear creep theory by Kalker is valid only for small creepage, where no 
slip occurs at the interface, and the creepages are in the region of adhesion. But when the. The 
nonlinear models such as the Shen–Hedrick–Elkins model [76] or the Kalker FASTSIM 
algorithm [87] should be used for the calculation of the creep forces in case of large creepages. 

For the bridges where ballasted tracks are used, the loads are transferred to the bridge deck 
through the ballast layers. While for the non-ballasted tracks, an elastic bearing layer (such as 
CAM or rubber pads) is often utilized to connect the track slabs and the bridge decks. In either 
case,  ballasted or non-ballasted, the track–bridge interaction can be discretized into point-to-
point connections,  which are connected with linear spring and dampers at each contact point. 

Track irregularities are the most important excitation source. The simulation of irregularities 
follows the spectral representation method, described by power spectral density (PSD) 
functions of the track geometry quality. The commonly used PSD functions are the Federal 
Railroad Administration (FRA) spectrum [21], the German track spectrum [11, 21], the 
SNCF track spectrum [11, 52], the Chinese track spectrum [29] and PSD functions proposed 
by ISO 3095 [77]. For the case of time-domain analyses, irregularities are obtained by 
performing inverse Fourier transforms with random phase see Dinh et al. [67], Schiehlen 
[78]. 

Also, various geometric defects at wheel-rail interfaces are significant excitation source for 
the fully coupled system. These include rail corrugations, the out-of-round wheels or the 
rounded flat wheels, the defect of welded-rail and dipped-rail joints, etc. Usually this type of 
defects is described by harmonic waves . The periodic geometry defects are treated as an 
addition to the elastic compression at the wheel-rail contact zones. On the other hand, the 
localized geometry defects are represented by cosine displacements [33] or the impact 
velocities . 

Other sources of excitation that affect the safety of the coupled system are earthquake, 
crosswind, and collisions. The dynamic response of the vehicle–track–bridge system 
subjected to crosswinds is investigated in [21, 28, 79-81]. As input, the artificial wind velocity 
time series is adopted [28]. A stochastic wind velocity field is utilized through the spectral 
representation method, linear filtering method, the wavelet method and the artificial wind 
field based on observed records [28]. Note that it is essential to reproduce realistic wind 
velocity time histories describing at different locations along the span and different heights. 

The operational safety of HSR trains over bridges during earthquakes is an issue of great 
research interest [63]. In most cases, derailment is estimated indirectly through either force-
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based metrics [36, 63, 82, 83] or geometric criteria [84-86]. The so-called derailment factor 
of a single wheel is equal to the lateral contact force L over the vertical one V (L/V ratio) and 
dates back more than one hundred years. This method is a conservative prediction of the 
derailment [87] and is based on the behavior of a single wheel [82]. Weinstock [88] proposed 
a derailment criterion by summing the absolute L/V values of the two wheels of the same 
wheelset. These criteria do not cover the case of wheel-rail-flange contact and wheel climbing 
[86].  

Based on a simplified model, Luo in [89] provided insight into the mechanism of the 
derailment and identified the areas where rocking or swaying derailment prevails. Also, 
Tanabe et al. in [85] assumed that the derailment happens during an earthquake when the 
relative displacement between the wheel and the rail in the lateral direction exceeds geometric 
derailment criteria. Furthermore, Du et al. [90] described the problem of detachment based on 
a Hertz contact model and showed that the probability and the duration of derailment increase 
with the train speed. Also, Ju [91] proposed a contact element that simulates sticking, sliding 
and wheel-rail separation and studied the behavior of a single wheel. The numerical method 
should be able to describe directly different wheel-rail contact states of the coupled vehicle-
track–bridge systems such as flange contact, wheel climbing-up, wheel-rail detachment, and 
derailment. Also, it should cover practical nonlinear profiles of the wheels and the rails. 

When the dynamic response of a train–track–bridge system subjected to an earthquake is 
studied, the time histories of the seismic motions around the bridge piers are essential. The 
seismic ground motion for the analysis of TTBDI can be obtained from strong seismic motion 
records [18,21, 92, 93], which are usually rare and insufficient. As a result, the application of 
artificial ground motions generated by numerical simulations is a good option. The seismic 
ground motion is a typical non-stationary process, and the motion samples can be obtained by 
using the random field theory based on spectral method [28,93]. Two numerical methods, 
namely the unconditional and conditional simulations have been widely used to obtain the 
random field of seismic ground motion [28]. 

In the case of a long bridge, the effects of the spatial variation of the seismic ground motion, 
asynchronous excitation should be considered. 

The coupled vehicle–track–bridge dynamic interaction system contains strong nonlinearities 
arising from the wheel-rail contact, suspension elements, bridge-structure and in general large 
number of dofs. Therefore, it is crucial to develop a high-efficiency numerical algorithm to 
solve such a large-scale system. Mainly, numerical schemes in the time domain are applied 
[21, 28, 52, 94-97]. However, some frequency domain methods with high computational 
efficiency have also been presented by Green and Cebon [16]. 

The solution of the coupled system in time domain utilizes a time integration technique like 
the Newmark method [95], the HHT-α method [96], the Wilson method [97] and the Zhai 
method [94] is applied. Many techniques are tailored for the specific problem, that 
decomposes the coupled system to two or more subsystems to maximize computational 
efficiency. Usually explicit time integration schemes are applied for the vehicle and track 
subsystems whereas, the bridge FE models are usually solved by employing an implicit 
integration scheme. Such a  hybrid explicit–implicit integration scheme was proposed by Zhai 
et al. [29] for the vehicle -track subsystem a simple fast explicit two-step integration method 
namely ‘Zhai method’ was adopted, while the Newmark-β implicit integration method was 
utilized on analysis of the bridge structure dynamics. 
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 Summarizing time-integration algorithms developed for the VTBI problem, either directly 
solve the coupled vehicle-track-bridge system (coupled algorithms) [17, 21, 63-66], or solve 
the vehicle subsystem and bridge subsystem separately in a co-simulation environment 
(iterative algorithms) [28]. A primary characteristic of the coupled algorithms is that they lead 
to time-depended system quantities [21, 63–65] due to the presence of moving (wheel-rail) 
contact forces that act as loads within the coupled vehicle-bridge system. Therefore, the global 
system matrices must be updated and factorized at each time step, leading to a considerable 
computational effort [98]. Besides, since coupled algorithms solve the equations of motion 
(EOMs) of the vehicle and the bridge subsystems together, a standard numerical algorithm is 
used, whereas the subsystems possess different dynamical characteristics. 

Regarding iterative methods, they solve each subsystem independently, and this procedure 
terminates when a convergence criterion is fulfilled, e.g. a compatibility condition is within a 
predefined tolerance. Xia et al. [99] proposed such a scheme that treats the contact forces as 
external loads to the vehicle and the bridge subsystems respectively and solves the two 
subsystems separately. Liu et al. [100] referred to this algorithm as a loosely coupled iterative 
algorithm and applied it to analyze a composite bridge under HSR trains. More recently, 
Zhang and Xia [101] proposed a refined iterative algorithm, in which the first trial of the 
vehicle response is predicted by setting the bridge motion to zero. 

Neves et al. [98] proposed a methodology that also avoids the use of time-dependent system 
matrices. Instead, it solves the system of linear equations and the compatibility condition 
between the two sub-systems simultaneous. 
An alternative approach that potentially incorporates the advantages of both coupled [63-65] 
and iterative schemes [99,100] is the localized version of the Lagrange multipliers method 
(Park et al. [102, 103]). This approach introduces an additional artificial auxiliary point at the 
contact interface, it assigns two sets of Lagrange multipliers and states two sets of kinematic 
constraints between the extra point and the other contact points.  
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2 CONSTRAINED DYNAMICAL SYSTEMS – BILATERAL AND UNILATERAL 

CONSTRAINTS: STATE-OF-THE-ART REVIEW 

2.1 State of the art 

The study of the dynamics of mechanical systems subjected to bilateral motion constraints is a 
challenging research topic with a quite long history. Due to its inherent theoretical beauty and 
the broad range of practical problems that can accommodate, it has attracted the attention of 
many well-known scientists and engineers, over an extended period. Αn excellent exposure on 
the subject, together with a comprehensive historical survey of the pioneering work performed 
by eminent scientists and natural philosophers like Newton and Leibniz, Lagrange and Euler, 
Hamilton and Jacobi, can be found in [1]. Since then, a lot of research work has been carried 
over, and many books and publications have been written on the subject. A partial list of more 
recent books and papers, referring mostly to mechanical systems in multibody dynamics, 
control and robotics, includes [2, 3, 4, 5, 6]. 

In a typical application, the configuration of a mechanical system is fully described by a set 
of generalized coordinates [7]. When the number of these coordinates is minimal, the system 
is called free or unconstrained [8, 9]. However, there are many occasions where it is convenient 
or beneficial to introduce more coordinates than those actually needed for describing the 
dynamics of a system, composed by either single or multiple bodies. Then, for each extra 
coordinate, an equation must also be introduced, involving some or all the coordinates and 
representing a constraint on the motion of the system [10, 11, 12]. Traditionally, these 
constraints are divided into two distinct categories, leading to entirely different dynamic 
behavior. The first type, known as holonomic (or geometric or integrable) constraints, impose 
conditions on the position of the system components. The second type, known as nonholonomic 
(or kinematic or nonintegrable) constraints, are conditions involving the generalized velocities 
of the system as well. In both cases, explicit dependence on time means that the constraint is 
rheonomic. Otherwise, the constraint is called scleronomic [6, 7]. 

Among the many theoretically difficult and open issues in this scientific area, a quite 
important research topic is related to the derivation of a new set of equations of motion, when 
an additional set of constraints is imposed on the motion of a mechanical system. Several 
theoretical or more numerically oriented studies have already been reported on the subject, 
including [13, 14, 15, 16] and [17, 18, 19, 20, 21, 22], respectively. However, there remain a 
plethora of topics deserving of further investigation. Precisely, in paper [23] a new solid 
theoretical foundation for producing the equations of motion of constrained systems in a 
systematic, consistent and precise way is derived. The mathematical structure of this problem 
makes natural the application of some fundamental concepts of differential geometry. 
Primarily, the motion of a mechanical system of any complexity is represented as the motion 
of a single point on a path of a manifold. Based on the form of the motion constraints, this 
manifold is in general non-Euclidean (non-flat), with curvature and torsion, leading to 
significant consequences on its geometrical properties [4, 24, 25]. 

More specifically, the emphasis of the work developed in [23] is placed on mechanical 
systems subjected to scleronomic constraints, and the attention is focused on deriving an 
appropriate set of conditions so that the form of Newton’s law remains invariant on the new 
manifold. The main idea is to apply tools and concepts of general (non-Riemannian) 
geometries, which are shown to be more natural and beneficial in studying the dynamics of 
mechanical systems, especially in the presence of large rigid body rotation. In particular, 
carrying out the analysis, this is found to lead to two conditions. The first condition specifies 
completely the metric and the second condition restricts the form of the connection of the new 
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manifold. Then, it is shown that the condition on the connection presents some similarities but 
is, in fact, weaker than a related condition imposed frequently in the literature. The latter 
condition relies on a metric compatibility requirement for the connection of Riemannian 
manifolds; it is purely geometric and specifies the connection on the new manifold [24, 26, 
27]. 

On the other hand, the condition imposed on the connection by the present work is based on 
the dynamics and provides some freedom in choosing its components. It is shown to be 
equivalent to the conservation of mass of the system. This freedom is proved to be valuable in 
practical applications, like in systems involving large rigid body rotation, where it is used to 
preserve certain group properties of the configuration space [28]. 

Moreover, employing this new condition on the connection helps in clarifying some issues 
related to the correct form of the equations of motion of constrained systems. This condition 
includes the specification of the requirements so that Newton’s law can be applied on the 
tangent (and not on the dual) space of a manifold as well as an illustration of the difference 
between anholonomic and vakonomic dynamics [3, 4, 27]. It is important to note that the entire 
study is performed within the simple framework of Newtonian Mechanics, involving no 
Lagrangian or Hamiltonian formalism [4, 24]. Besides the theoretical contributions mentioned, 
the results of this study will provide a solid foundation for developing appropriate and efficient 
numerical schemes for mechanical systems subjected to motion constraints. 

Despite all the efforts, there remain a plethora of important and challenging theoretical 
aspects on the subject that remain open in the case of unilateral constraints. Consequently, new 
studies in this area are of large practical significance, since their successful execution can cause 
a considerable impact in formulating and solving complicated engineering problems in a better 
and more efficient way. In this area, the category of constraints examined involve contact, with 
or without friction, between the interacting bodies and generate forces, which can act in one 
direction only, to avoid interpenetration. Such constraints are described by inequalities and are 
known as unilateral. 

There exists a vast literature about unilateral constraints. Based on the type of analytical 
tools employed, the available approaches can roughly be divided into two main groups. In the 
first group, the research is conducted by applying standard analytical tools [29-35], while the 
work presented in the second group is heavily based on special concepts of non-smooth 
mechanics, involving advanced material from convex analysis [36-44]. These methodologies 
apply the classical laws of motion up to a specific time where contact is established between 
the interacting bodies. Then, based on the relatively short duration of the contact phase, it is 
assumed that the position of the system components does not change appreciably during the 
contact phase, while the forces developed become excessively large (impulsive), causing a 
significant change in the velocities of the impacting bodies. This brings the need to introduce 
an approximate impact law, predicting the sudden change in the velocities during contact. 
Typically, such a change is predicted by using Newton’s or Poisson’s restitution coefficients 
or other similar concepts [30, 35]. 

In most of the previous studies on the subject, the approach leading to a prediction of the 
post-impact velocity is algebraic. However, in some cases, the time interval where the contact 
event takes place is considered to be short but finite and the contact process is modeled by an 
approximate set of ordinary differential equations (ODEs), using the corresponding normal 
impulse as the independent variable [7, 9-11, 13]. This type of analysis is known as a Darboux-
Keller approach and is currently confined to contact between two particles or rigid bodies [40]. 
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The work presented in [45] can be considered as the first step towards a systematic extension 
and generalization of this type of analysis to systems possessing general dynamic properties, 
by adopting the spirit and framework of Analytical Mechanics. More specifically, the main 
objective of this work was to present a new formulation for an important class of mechanical 
systems, involving unilateral constraints. Building upon the strong and intimate relation 
between mechanics and differential geometry [3, 6, 23, 46-47], the methodology developed is 
based and continues along the lines of some recent work of the authors on mechanical systems 
subject to bilateral constraints [24, 48], together with some new and sound geometrical 
concepts. Namely, some powerful tools of b-geometry are borrowed and utilized for setting up 
a suitable theoretical framework, in order to help the study of mechanical systems with 
unilateral constraints [47, 49-51]. In particular, paper [45] focuses on the investigation of 
systems involving a single frictionless contact. In this way, several new mathematical ideas are 
introduced and explained in a problem characterized by a sufficiently high but not excessive 
level of mechanical complexity. Moreover, the analysis is performed in a way providing a solid 
foundation for a subsequent extension and application of similar methodologies to more 
complex mechanical problems, involving friction or even multiple contact events [36-44]. 

The work in paper [45] takes a different perspective and route than previous studies on the 
subject. The main contribution is that Newton’s second law of motion is applied in full form 
even during the short time interval where the contact event occurs. Therefore, there is no need 
to define other concepts, like the restitution coefficient. However, the most fundamental aspect 
of this work is that the analysis performed remains entirely smooth. Namely, both the 
generalized velocities and the corresponding momenta remain smooth and bounded during the 
entire contact phase. This is obtained by using some remarkable tools of b-geometry, after 
relating properly the theory of manifolds with a boundary to the class of systems examined 
[49-51]. This relation is established by using the equation in the unilateral constraint to define 
a boundary hypersurface within the original configuration space. This step is followed by the 
introduction of an appropriate vector bundle over the configuration manifold, consisting of 
smooth velocity fields only. This, in turn, provides a solid foundation for evaluating the 
covariant derivative appearing in the corresponding law of motion over the manifold 
[3,25,47,48]. As usual, this derivative requires knowledge of a suitable metric and a connection 
on the configuration manifold. The most striking characteristic of this theory is the rapid change 
in the metric and the connection components of the configuration manifold within a thin layer 
starting on the boundary hypersurface, defined by the unilateral constraint. Specifically, the 
metric component along the normal to the boundary increases rapidly as the figurative particle, 
representing the motion of the mechanical system within the constrained manifold, approaches 
the boundary, so that as the component of the generalized velocity in the normal to the 
boundary tends to zero the kinetic energy of the system remains bounded. Apart from more 
accurate and realistic modeling of the impact phase, the results of the proposed analysis lead 
to the development of more efficient and robust numerical schemes for predicting the response 
and developing better control algorithms for mechanical systems involving contact. 

Also in paper [52], that is a continuation of earlier work of the authors [45, 58] and applies 
to a particular class of constrained mechanical systems, involving a single contact event with 
friction. The approach taken is novel compared to previous studies on the subject. In particular, 
the analysis applied is carried out within the classical framework of analytical dynamics and 
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can handle systems with general properties, including rigid and deformable bodies, in an 
equally efficient manner. The formulation is based on a proper application of Newton’s law of 
motion during the contact phase. The outcome is an entirely continuous formulation, in contrast 
to the approaches based on non-smooth techniques. This is achieved through the use of some 
key ideas and concepts of b-geometry, referring to manifolds with a boundary, which provides 
a natural and robust setting for studying mechanical systems subject to a unilateral constraint 
[49, 51]. After defining the boundary of the configuration manifold and determining the 
essential geometric properties needed for the application of the law of motion inside a thin 
layer starting at this boundary, it is shown that the dominant dynamics during a single frictional 
collision is described by a set of three coupled ODEs. These equations describe action in a 
three-dimensional distribution of the configuration manifold, which is related directly to the 
action in the physical space, where the contact event examined takes place. Using time as an 
independent variable presents an advantage over the Darboux-Keller approaches since it 
provides a valuable time scale for investigating the part of the motion inside the boundary layer. 
However, the most striking feature is that the general spirit of the new approach is entirely 
different. Instead of modeling the contact with stiff springs, which demands to give up the 
rigidity assumption in case of a rigid body contact, application of the theory for a manifold 
with boundary reveals that the associated contact action is modeled by a massive change in the 
inertia properties [49], in combination with the appearance of a strong repulsive force. More 
specifically, the components of the metric and the connection employed along the normal to its 
boundary vary in a quite rapid fashion in the vicinity of the boundary in the configuration space. 
This causes a fast deceleration of the figurative particle modeling the motion of the mechanical 
system in the configuration manifold, as it approaches the boundary. Also, once this particle 
enters the boundary layer, it is pushed away from it by a strong repulsive force, which is exerted 
on it until its exit from the boundary [48]. 

Previous studies on the subject have demonstrated that the presence of friction is related to 
the occurrence of a large variety of phenomena during contact [35, 40]. Particular emphasis is 
put on modeling the frictional effects in an accurate way as well as on establishing a proper 
mapping between the significant kinematic and kinetic quantities in the configuration space 
and the physical space. The formulation is applicable for a general friction law. 

Apart from several notable exceptions [40, 53, 54], the vast majority of previous efforts have 
focused on mechanical systems subject to either bilateral (i.e., equality) or unilateral (i.e., 
inequality) constraints alone. The paper [55] is a continuation of previous studies of the authors 
on constrained systems [23, 45, 48, 52]. In particular, systems involving bilateral constraints 
were first examined in [48] and [23]. Then, systems involving a single unilateral constraint in 
the absence and presence of friction effects were investigated in [45] and [52], respectively. In 
both cases, a minimal set of generalized coordinates was selected for convenience in 
introducing some new useful concepts, originating from differential geometry [6, 25, 49, 56]. 
Therefore paper [55] is an extension of them to systems involving a set of redundant 
coordinates, which are associated with an addition of some bilateral constraints. 

The presented formulation in paper [55] is developed within an Analytical Dynamics 
framework and employs some fundamental results from the theory of manifolds with boundary 
[49, 56]. This boundary defines a subspace of the original configuration manifold where the 
motion of the figurative particle, representing the motion of the system examined, is allowed 
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to take place. Also, when the system is subject to a set of bilateral constraints as well, each of 
these constraints causes a specific correction to the impact direction. Therefore, a complete set 
of geometric properties is established, providing the ground for a consistent application of 
Newton’s law of motion through the entire impact phase. This generates a complete and elegant 
picture of the dynamics and provides a useful insight into the phenomena taking place over the 
short time interval of an impact. For instance, the essential dynamics is described by a single 
ODE, representing action in the vicinity of the boundary and along a direction determined 
entirely by the simultaneous application of the unilateral and bilateral constraints. Namely, as 
the fictitious particle approaches the boundary along that direction, its inertia increases rapidly, 
causing its fast deceleration. At the same time, a strong repulsive force is generated, pushing 
this particle away from the boundary. On the other hand, when the friction effects are essential, 
the dominant dynamic action is found to take place in at most three-dimensional subspace, 
generated by bringing the friction cone from the physical to the configuration space. In both 
the frictionless and frictional cases, the equations describing the impulses developed due to the 
bilateral constraints decouple from the equations describing the kinematics of the system, when 
a suitable coordinate system is selected. This explains why systems subject to bilateral 
constraints were possible to be analyzed before by the same methods employed for systems of 
free bodies [8,10]. Also, it is demonstrated that the classical Darboux-Keller approach is a 
special case of the proposed formulation, obtained when the boundary force is sufficiently 
large, and the pre-impact speed is low so that the figurative particle does not have a chance to 
virtually enter into the boundary layer. 
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